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Abstract
We discuss a Lorentz covariant space-time uncertainty relation, which agrees
with that of Karolyhazy-Ng-vanDam when an observational time period δt is larger
than the Planck time lP . At δt . lP , this uncertainty relation takes roughly
the form δtδx & l2P , which can be derived from the condition prohibiting the
multi-production of probes to a geometry. We show that there exists a minimal
area rather than a minimal length in the four-dimensional case. We study also a
three-dimensional free field theory on a non-commutative space-time realizing the
uncertainty relation. We derive the algebra among the coordinate and momentum
operators and define a positive-definite norm of the representation space. In four-
dimensional space-time, the Jacobi identity should be violated in the algebraic
representation of the uncertainty relation.
∗sasakura@gauge.scphys.kyoto-u.ac.jp
1 Introduction
There is a suspicion that the space-time is not a smooth manifold in a small scale as assumed in
general relativity, but should be replaced by a new quantum geometry [1]. Uncertainty relation
of space-time gives an approach to such quantum space-time. Since the uncertainty relation of
quantum mechanics can be obtained with a simple thought experiment, we may expect that
the space-time uncertainty relation might be guessed without knowing the complete theory
of quantum gravity. In fact there are several proposals of the uncertainty relation of space-
time. Some come from the analysis of the scattering and the fluctuation sizes of strings and
branes in string theory [2, 3, 4, 5]. Some others are derived from the investigations of the
thought measuring process of space-time distances or locations, using only the knowledge
of the quantum mechanics and the general relativity [6, 7, 8, 9, 10]. The main idea of the
space-time uncertainty relation obtained from such a thought measuring process is as follows.
To measure the space-time distances or locations precisely, we need a high energy probe to
minimize the space-time size of the wave function of the probe. But, on the other hand, since
gravity couples to the energy-momentum tensor, the high energy probe would generate large
fluctuations of metric. Since the location of the probe is spread quantum mechanically, the
metric fluctuations have indeterminable components. Thus there exists limitation of precise
measurement of space-time distances or locations.
The quantum uncertainty of measuring a space-time distance l, δl & (l2P l)
1/3, was obtained
first by Karolyhazy [7], and also by Ng and vanDam [8] in a thought experiment first proposed
by Salecker and Wigner [6]. Amelino-Camelia used the uncertainty relation in the form δl &
(l2P δt)
1/3 with an observational time period δt, and pointed out the possibility of observing this
quantum fluctuation of the geometry with a gravitational-wave interferometer [11].1 Barrow
argued that this uncertainty relation gives qualitatively the same prediction of the life-time of
a black hole [14] as that derived from Hawking radiation.
In our previous paper [15], we used this uncertainty relation in the form δV & l2P δt,
where δV denotes an uncertainty of a spatial volume. In this case, the uncertainty relation is
applied to a four-dimensional space-time volume. This interpretation lead to an entropy bound
S .
√
EV /lP , where E and V are the total energy and volume of a system, respectively. We
pointed out that this entropy bound fits well to the holographic principle proposed by ’t Hooft
and Susskind [16]. In fact, a similar kind of entropy bound was assumed in order to prove
1See [12] for criticism against this idea, and also [13] for protection
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rigorously [17] the Bousso’s covariant entropy bound [18]. Recently, a generally covariant
formula of a similar entropy bound was proposed by Brustein and Veneziano [19], generalizing
the Hubble-entropy-bound [20]. Thus it would be a natural expectation that the space-time
uncertainty relation can also be formulated in a generally covariant form.
In this paper, we discuss a Lorentz covariant formulation of the space-time uncertainty
relation above, as the smallest step toward a generally covariant formulation. We first point
out that the condition that the multi-production of probe particles should not occur in the
measurement process leads to the uncertainty relation δtδx & l2P at δt . lP . This rela-
tion and δV & l2P δt at δt & lP can be naturally combined into the form l
2
P |δxµi1nµ| .
|εµνρσnµδxνi2δxρi3δxσi4 | for any observer nµ. In general dimensions (larger than two), the un-
certainty relation is just obtained by a straightforward generalization. With this motivation,
we investigate a free field theory on a non-commutative three-dimensional space-time with
the coordinate commutation relations of Lie algebra so(2, 1). We construct the momentum
operators on this non-commutative space-time and define a positive-definite norm on which
the coordinate and momentum operators are hermite. We study the Klein-Gordon equation
on this non-commutative space-time. We found a two-fold degeneracy of the spectra. Lastly
we point out that, in the case of the four-dimensional space-time, the Jacobi identity should
be violated in algebraic representations of the uncertainty relation.
2 Uncertainty relation of space-time
The metric tensor field in the general relativity could be measured by following the trajectory
of a point particle. In classical mechanics, the probe particle can be regarded as a point,
hence we obtain a smooth manifold, which is assumed in the general relativity. However, in
quantum mechanics, since the probe particle is spread over its wave function, the measurement
becomes necessarily vague. We shall discuss this measurement uncertainty in a flat Minkowski
space-time. To be self-contained, we begin with the derivations of the space-time uncertainty
relation of Karolyhazy-Ng-vanDam [7, 8] with a new ingredient.
We follow, for a time period δt, a probe particle with a mass m which has initially a
vanishing total momentum and the gaussian wave packet with 〈(δx)2〉t=0 = σ2. We assume
the wave function is symmetric under the spatial rotation. In non-relativistic approximation,
the distribution of the gaussian wave packet becomes 〈(δx)2〉t=δt = σ2 + (δt)2/4m2σ2 after
the time period δt, by solving the Shro¨dinger equation. This second term comes essentially
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from the momentum distribution, which is inversely proportional to the spatial distribution
σ. This shows that, even if we have a smaller wave packet initially, we do not necessarily have
a smaller wave packet for the whole period of the measuring process. Rather it has a finite
minimum
σmin ≡ Minσ
√
σ2 + (δt)2/4m2σ2. (1)
Without taking into account the condition discussed in the following paragraph, the minimum
value is
√
δt/m at σ =
√
δt/2m. At this minimum, the momentum distribution is in the order
of δp ∼ 1/σ ∼ √m/δt. Hence the condition for the non-relativistic approximation, δp . m,
to hold is equivalent to m & 1/δt. In fact, this condition must be imposed from the beginning,
since, if not, the multi-production of the probes will occur because of the quantum mechanical
uncertainty relation between energy and time, and the measurement by a particle probe must
be abandoned. For a smaller σ, we should treat in a fully relativistic way. But the size of
the wave packet 〈(δx)2〉t=δt in this parameter region will be anyway larger than the minimum
value σmin. Thus the non-relativistic approximation is enough to obtain σmin if m is not so
near to 1/δt.
The other ingredient of the Karolyhazy-Ng-vanDam type uncertainty relation is the con-
dition that the probe should not become a black hole for it to be followed. This condition
is hard to evaluate in a reliable manner, since we need a quantum field theory of general
relativity to do so. We could approximate the condition with that the mean mass distribution
ρ = m|ϕ(x)|2, where ϕ(x) is the gaussian wave function with distribution σ, does not make
a black hole in the classical general relativity, just believing that the result is qualitatively
correct. This condition is given by [21]
2mG
∫
|x|<R
d3x|ϕ(x)|2 < R for all R, (2)
where G is the gravitational constant. This gives
σ & l2Pm, (3)
which agrees with the intuition that the wave packet cannot be confined in the size of the
Schwarzschild radius of the probe particle. Thus, from (1) and (3), we finally obtain the
shortest observable spatial length in an observation with a time period δt:
δxmin = Minm& 1
δt
Minσ&l2Pm
√
σ2 + (δt)2/4m2σ2, (4)
where we take into account the condition m & 1
δt
, which prohibits the multi-production of
the probe particles. This condition is a new ingredient of this paper. When δt & lP , the
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minimum of (4) is at σ = l2Pm, m
6 = (δt)2/2l8P . Thus we obtain the Karolyhazy-Ng-vanDam
type uncertainty relation [7, 8, 11]:
(δx)3 & (δxmin)
3 ∼ l2P δt. (5)
The non-relativistic approximation is valid for this case, since m/δp ∼ σm ∼ (δt/lP )2/3 & 1
at the minimum. When δt . lP , the minimum is at σ = l
2
Pm, m = 1/δt. Thus we obtain
δx & δxmin ∼ l
2
P
δt
. (6)
Again the non-relativistic approximation is valid, since m/δp ∼ σm ∼ (lP/δt)2 & 1 at the
minimum. Form the inequalities (5) and (6), one founds that the Planck length is the minimal
spatial length, δx & lP , while δt is not bounded. This rather odd result will be remedied
properly in the Lorentz covariant formulation discussed below.
The relations (5) and (6) can be rewritten in the following suggestive ways:
(δx)3 & l2P δt,
(δx)2δt & l2P δx. (7)
Thus we propose that the uncertainty relation of space-time has the following Lorentz covariant
form:
l2P δx
µ
i1
nµ . |εµνρσnµδxνi2δxρi3δxσi4 | for any nµ, (8)
where δxµi (i = 1, 2, 3, 4) are the four vectors defining a space-time volume, and the in-
equality (8) should be satisfied for all ordering of δxµi . The case δx1 = (δt, 0, 0, 0), δx2 =
(0, δx, 0, 0), δx3 = (0, 0, δx, 0), δx4 = (0, 0, 0, δx) in (8) reproduces (7). By substituting n
µ =
δxµi in (8), we see that the four vectors δx
µ
i must be orthogonal among each other.
The condition (8) might be too strong. Physically, the vector nµ would denote the velocity
vector of an observer. In fact, the following weaker condition is enough to reproduce (7):
l2P |δxµi1nµ| . |εµνρσnµδxνi2δxρi3δxσi4 | for any time-like nµ. (9)
There would be other possible Lorentz covariant formulations which reproduce (7). Presently,
we do not have any criteria to choose one of them.
Now let us consider the case δx1 = (δt, 0, 0, 0), δx2 = (0, δl1, 0, 0), δx3 = (0, 0, δl2, 0), δx4 =
(0, 0, 0, δl3). From (8) or (9), we obtain
l2P δt . δl1δl2δl3,
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l2P δl1 . δl2δl3δt,
l2P δl2 . δl3δl1δt,
l2P δl3 . δl1δl2δt. (10)
From the first and the second equation, we find
δl2δl3 &
1
2
l2P
(
δl1
δt
+
δt
δl1
)
& l2P . (11)
Similarly, we obtain
δl1δl2 & l
2
P ,
... . (12)
Thus we conclude that the area is bounded from below by the square of the Planck length,
while the length is not in general. We have found a minimal area rather than a minimal length
in four dimensional space-time.
The generalization of (8) and (9) to any space-time dimension is obvious. Let us consider a
three-dimensional case with δx1 = (δt, 0, 0), δx2 = (0, δl1, 0), δx3 = (0, 0, δl2). The uncertainty
relation leads to
lP δt . δl1δl2,
lP δl1 . δl2δt,
lP δl2 . δl1δt. (13)
From these inequalities, we obtain δt, δl1, δl2 & lP . Thus there is a minimal length in three-
dimensional space-time.
3 Algebraic representation
In this section, we shall discuss an algebraic representation of the uncertainty relation (13)
in three-dimensional space-time in the spirit of Snyder [22], and study a free field theory
on a non-commutative space-time obtained from it. Lastly we give some comments for the
four-dimensional case.
The algebra we use for the coordinates is the Lie algebra so(2, 1):
[xµ, xν ] = ilP ε
µνρxρ. (14)
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The motivation to use this algebra is that, if there exists a semi-positive definite norm on the
representation space of xµ with an appropriate † operation, we can show that
l2P 〈x0〉2 ≤ 4〈(x1)2〉〈(x2)2〉,
... , (15)
by using 〈(x1 + iλx2)†(x1 + iλx2)〉 ≥ 0 and so on for any λ. The inequalities (15) may be
regarded as a realization of the space-time uncertainty relation (13).
Firstly we shall discuss the momentum operator on this space-time. Let us assume the
following form of the commutation relations for the momentum operators:
[pµ, pν] = 0,
[pµ, xν ] = −iηµνf(l2Pp2) + ilP εµνρpρg(l2Pp2), (16)
where f, g are some functions with f(0) = 1 so that we recover the usual commutation relations
in the limit lP → 0. In (16), we have ignored a term with the tensor structure pµpν , because
this term could be absorbed by the redefinition pµ → pµk(l2Pp2). We take the signature
ηµν = (−1, 1, 1) and ε012 = 1. The criteria to determine these functions f, g are the Jacobi
identities. For the cases [x, [x, x] + · · ·, [x, [p, p]] + · · · and [p, [p, p]] + · · ·, the Jacobi identities
are satisfied obviously. In the remaining case, we have
[pµ, [xν , xρ]] + [xρ, [pµ, xν ]] + [xν , [xρ, pµ]]
= lP ε
µνρf(1− 2g) + l2P (ηµνpρ − ηµρpν)(2ff ′ − g + g2)
+2l3P (ε
µρσpσp
ν − εµνσpσpρ)g′f. (17)
For this to vanish, f and g are determined as
f(u) =
√
1 +
1
4
u, g(u) =
1
2
. (18)
The algebra (16) and (18) we have obtained has a great similarity with that discussed by
Maggiore [23]. From (16) and (18), we immediately obtain
∆xµ∆pµ &
1
2
〈√
1 +
l2Pp
2
4
〉
, (19)
where the summation over µ is not assumed. As was discussed by Maggiore, this uncertainty
relation (19) has the following interesting features. In the high Euclidean momentum regime
with 〈pi〉2 ∼ (∆pi)2 ≫ l2P , we get
∆xi &
lP
4
. (20)
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Thus we obtain a minimal spatial length. However, since, in our Lorentzian case, the right-
hand side of (19) can take a fixed value by canceling a spatial momentum with its time-
component, we do not argue that there exists a universal minimal length in the sense discussed
in [24]. In the regime |〈p2〉| ≪ l−2P , we obtain an uncertainty relation similar to that from string
theory [2, 3]:
∆xµ∆pµ &
1
2
+
l2P 〈p2〉
16
. (21)
Now we shall discuss an explicit representation of the operators which satisfy the commu-
tation relations (14) and (16) with (18). Since the momentum operators are commutative, we
work in the representation in which the momentum operators are diagonal. For xµ to satisfy
(14) and (16) with (18), we easily obtain
xµ = −ilP
2
εµνρpν
∂
∂pρ
+ i
√
1 +
l2Pp
2
4
∂
∂pµ
+ l2PA(l
2
Pp
2)pµ, (22)
where A(l2Pp
2) is an arbitrary function of p2. The measure of the representation space is also
determined uniquely up to a multiplication constant under the condition that the operators
xµ and pµ be hermite. It is
〈Ψ1|O(x, p)|Ψ2〉 =
∫
d3p
(
1 +
l2Pp
2
4
)− 1
2
Ψ∗1(p)O(x, p)Ψ2(p). (23)
For xµ to be hermite, the arbitrary function A(l2Pp
2) of (22) must be a real function.
The measure (23) sets bounds on the range of the momentum pµ:
− p2 < 4
l2P
. (24)
Thus there exists a mass upper-bound. From the explicit representation (22) of xµ, we can see
that the operation xµ does not violate this bound. This is obvious for the first and third terms
of (22). The second term changes p2 in general, but, at the boundary p2 = − 4
l2P
, the change
vanishes. However, as we will see soon, there is a little complication concerning the global
structure of the representation space, and we will find that the momentum representation
space is in fact two-fold degenerate.
Before discussing this feature, let us look for a wave function Ψ which satisfies the Klein-
Gordon equation, (pµpµ+m
2)Ψ = 0. The solution is trivially given by Ψ±(p) = θ(±p0)δ(p2+
m2) in the momentum representation. There is also another route to obtain the wave function
in terms of the coordinates xµ. Let us assume the following form of the wave function:
Ψ(kµ) = eik
µxµ |0〉, (25)
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where kµ are c-numbers, and |0〉 denotes the momentum zero eigenstate pµ|0〉 = 0. Now we
operate pµ on this state:
pµeik
µxµ |0〉 =
∫ 1
0
dsei(1−s)k
µxµ [pµ, ikνxν ]e
iskµxµ|0〉
=
∫ 1
0
dsei(1−s)k
µxµ
(
kµ
√
1 +
1
4
l2Pp
2 − 1
2
lPε
µνρkνpρ
)
eisk
µxµ |0〉 (26)
where we have used the formula d
dt
eA =
∫ 1
0
dse(1−s)A dA
dt
esA and the commutation relations (16).
Repeating the above operation of pµ perturbatively in lP , one can see that the wave function
Ψ(kµ) is in fact an eigenstate of the momentum operator pµ:
pµeik
µxµ|0〉 = kµh(k2)eikµxµ|0〉. (27)
To determine the function h(u), we substitute (27) into (26). Then we obtain an integration
equation,
h(u) =
∫ 1
0
ds
√
1 +
1
4
l2P (h(s
2u))2s2u. (28)
By taking the derivative with respect to u, we obtain a differential equation
2uh′ + h−
√
1 +
1
4
l2Puh
2 = 0. (29)
The solution of this equation is given by
h(k2) =
2
lP
1√
k2
sinh
(
lP
2
√
k2
)
for a space-like k2,
h(k2) =
2
lP
1√−k2 sin
(
lP
2
√
−k2
)
for a time-like k2. (30)
Thus the field equation becomes
(pµpµ +m
2)Ψ(kµ) =
(
− 4
l2P
sin2
(
lP
2
√
−k2
)
+m2
)
Ψ(kµ) = 0. (31)
In the case m = 0, the solutions for (31) are:
k2 = −
(
2pin
lP
)2
(32)
with integer n. Thus it looks apparently as if there are an infinite number of additional states.
To study this issue in more detail, let us consider the operator Ω = e2piix
0/lP . The follow-
ing discussion is obviously applicable also to the Lorentz transform of Ω. Th e operator Ω
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commutes with the coordinate xµ, because it is just the 2pi rotation in the spatial plane. To
see the operation on the momentum pµ, let us consider the operator Ω(s) = eisx
0/lP with an
arbitrary real number s, and define pµ(s) = Ω(s)pµΩ(−s). Then we have
dpµ(s)
ds
=
i
lP
[x0, pµ(s)]
=
{
1
lP
√
1 +
l2P p
2(s)
4
for µ = 0,
1
2
εijpj(s) for µ = i,
(33)
where i, j denote the indices for the two-dimensional spatial plane, and εij is the antisymmetric
tensor with ε12 = 1. The differential equation (33) is easily solved with the parameterization
p0(s) = (2/lP )
√
1 + l2Pa
2/4 sin θ, p1(s) = a cosϕ, p2(s) = a sinϕ:
θ − θ0 = ϕ− ϕ0 = −1
2
s, (34)
where θ0 and ϕ0 are the initial values. Thus Ω = Ω(2pi) is a PT transform of the states. By
performing the operation Ω twice, a state will be transformed to the identical state. However,
as we will explain in the followings, a state obtained by operating Ω once is not identical with
the anti-particle state of the original state. In the derivation of (34), we assumed that the
square root in (33) or (18) can take both positive and negative values:
√
1 + l2Pp
2(s)/4 =√
1 + a2l2P/4 cos θ. In other words, there are two patches where the square root takes positive
or negative values. Thus it is more appropriate to parameterize the representation space in
terms of θ and pi with p0 = (2/lP )
√
1 + (pi)2l2P/4 sin θ, where θ has the range 0 ≤ θ < 2pi
with the identification between θ = 0 and θ = 2pi. With this parameterization, the measure
becomes ∫
d3p(1 + p2l2P/4)
− 1
2 =
2
lP
∫
dθd2p. (35)
Thus we have obtained safely a positive definite norm. Since, for a given value of momentum,
we have two choices for θ (unless θ = ±pi/2), we conclude that the momentum representation
space as well as the spectra of the states satisfying the Klein-Gordon equation are two-fold
degenerate.
In (14), the translational symmetry is not manifest. As was discussed in [22], the notion of
translational symmetry should be appropriately substituted for the non-commutative space-
time. The simplest candidate for the translation by a c-number vector vµ is the multiplication
of e−iv
µpµ on a wave function Ψ(pµ) in the momentum representation. In fact, from (22), we
obtain eiv
µpµxµe−iv
µpµ = xµ + kµ in the limit lP → 0. The whole theory should respect this
symmetry.
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Finally let us discuss whether it is possible to represent the uncertainty relation alge-
braically in four dimensions as in the three-dimensional case. The uncertainty relation has
roughly the form εµνρσδx
µδxνδxρ & l2P δxσ. We now assume the greater side is represented
as a commutation of operators. Moving one of the coordinate operator from the left to the
right-hand side as the momentum operator, a possibility is
[xµ, xν ] = il2P ε
µνρσpρxσ + o(l
2
P ). (36)
This algebra has a similarity with the Snyder algebra [22]. The Snyder algebra has the form
[xµ, xν ] = ia2Jµν , where a and Jµν denote the length scale and the Lorentz transformation
generators associated to the non-commutative space-time, respectively. The difference is that,
in our case (36), the right-hand side is twisted:
[xµ, xν ] ∼ il2P εµνρσJρσ. (37)
However we cannot proceed further to obtain the full set of the commutation relations as in
the three-dimensional case. This is because, using [pµ, xν ] = −iηµν + o(lP ), we obtain
[xµ, [xν , xρ]] = −l2P εµνρσxσ + o(l2P ), (38)
and the Jacobi identity should be violated in the four-dimensional case.
Another possibility of representing the uncertainty relation is
[xµ, pν ] = iηµν + l2P ε
µνρσpρpσ. (39)
However, since [pµ, pν ] = o(1), the last term would be smaller than the order of l2P , and can
not work as a realization of the uncertainty relation.
The violation of the Jacobi identity is not a special thing mathematically, and is usual when
the algebra is not associative [25]. However, the associativity seems to be deeply embedded
in the formulation of quantum mechanics. Before going further, we might have to know the
physical reason why we should abandon the associativity. Without any physical motivations,
we would have another possibility using some triple product [a, b, c] to represent the uncertainty
relation in a form εµνρσ[x
µ, xν , xρ] = l2Pxσ.
4 Summary and discussions
In this paper, we have investigated a Lorentz covariant formulation of a space-time uncertainty
relation. The two uncertainty relations at δt & lP and δt . lP derived from a thought exper-
iment are combined into a single inequality. We find a minimal area in the four-dimensional
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case, while we find a minimal length in three dimensions. This can be obviously generalized
to any space-time dimension D, in which a (D − 2)-volume has a lower bound.
We also discussed a free field theory on a non-commutative space-time, which realizes the
space-time uncertainty relation above. We have obtained a representation of the coordinate
operators and a positive-definite norm in the momentum representation. The momentum
space is two-fold degenerate, and a further investigation would be needed to clarify its origin.
We have shown that there exists a mass upper-bound. The existence of the mass upper-
bound is an expected property of three-dimensional gravity. It is known that a point-particle
generates a conical singularity with a deficit angle proportional to its mass [26]. Since a deficit
angle cannot exceed 2pi, a mass should have an upper bound. In four dimensions, we seem to
be forced to use an unusual algebra to represent the uncertainty relation.
Our space-time uncertainty relation does not respect the parity invariance. Since this
invariance is not respected also in the standard model, the violation at the fundamental
geometrical level would be interesting rather than disappointing.
The three-dimensional non-commutative space-time seems to be consistently formulated.
It would be highly interesting to construct a quantum field theory on this non-commutative
space-time and investigate its thermodynamics to compare with the intuitive arguments in our
previous paper [15]. We hope we can give some results in this direction in our future works.
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